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Abstract. In this paper a dynamical system composed by a solid mass
attached at two elastic springs bounded in a series assembly is studied. In a
certain hypothesis one obtains the equivalent damping constant of the assembly
in a free vibrations regime (mechanical vibrations).
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1. Introduction

The purpose of this paper is the finding of damping constant for an
elastic system of two springs bounded in a series assembly. We present the
condition where this equivalent constant has an analogous formula by that of
equivalent elastic constant.

One considers two helicoidally elastic springs with the elastic constants
K;, K, and damping constant C), respectively C,. The springs are bounded in
series assembly in vertical position (Fig. 1) with the mass (m;) between springs
and the mass (m,) attached at the extremity of the second spring.
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One denotes /,, /; the current lengths of the springs and /o, respectively
by the lengths of the springs in undistorted state. One denotes m; and m, the
masses of the system. For the second spring one considers the case of
subcritical damping:

C; <4K,m,. (1)

o IT (m5)
X

Fig. 1 — Series assembly of elastic springs.

2. Contents

If the system is taken out from the static equilibrium position, the
dynamical equation for the mass (2) is:

mx, =mg+F, +F, , (2)

where x, is the coordinate, g — the gravitational acceleration, F, - the elastic

force and F, — the damping force of the second spring.

The elastic force is given by Hooke’s relation (Buzdugan et al., 1979;
Teodorescu, 1984; Teodorescu, 1988; Teodorescu, 1997):
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F, ==Ky(l,=1y). 3)

The damping force is given by (Mangeron & Irimiciuc, 1978; Mangeron
& Irimiciuc, 1980; Mangeron & Irimiciuc, 1981; Buzdugan et al., 1979):

Faz =-C,(%, - %), 4

where x; is the coordinate of mass (1) and /, =x, —x,.
Replacing (3) and (4) in (2) one obtains

mzjéZ = ng - KZ(xz - xl - 120) - Cz(xz - xl )’
-C,x, — Kyx, +myx, + Cox, + K, x, =m,g + Kyl Q)
The dynamical equation for the mass (1) is

m1x1=m1g+Fal+F;l—Faz—F;2, (6)

where x; is the coordinate, g — the gravitational acceleration, F, — the elastic
force and F, — the damping force of the first spring.
The elastic force is given by Hooke’s relation (Buzdugan et al., 1979;
Teodorescu, 1984; Teodorescu, 1988; Teodorescu, 1997):
Fel ==K,(l, = l,p) ==K, (x; =L} . @)

The damping force is given by (Buzdugan et al., 1979; Teodorescu,
1984; Teodorescu, 1988; Teodorescu, 1997):

F, =—CX,. @®)
Adding the egs. (2) and (6) one obtains
mx, +m,x, =(m +m,)g+F, +F,. 9)
Replacing (7) and (8) in (9) one obtains

mX, +Cx, + K, x, + myX, =(m, +m,)g + K/, .
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and for the case m, =0 it results
Cix, + Kyx; +myXy =myg + Kl - (10)

The egs. (5) and (10) gives the following system

{ Cx, + K, x, +myx, =m,g + K [, an

- Cx, — K, x +myx, + Cox, + Kyx, =mg + K, 1,

3. Solution of the Dynamical Equation

This is a system of two linear differential equations in the unknowns x;
and x,. The system can be integrated with a supplementary hypothesis:

G K

=h,
c K (12)

where /4 is a positive constant.
Multiplying the first eq. (11) with h and adding the equations one
obtains

m,(h+1)X, + C,x, + K,x, =my(h+1)g + hk/l, +k,l,,
or also

K +K

. . K +K
m, lK 2x2+C2x2+K2x2:%ng"‘Kz(llo"'lzo)' (13)

1 1

The solution of this equation is

At : K1+K2
X, =e (X Cosm t+ Xy, SIN® t)+——=m,g+1,+1,,
172

where 4 and @ are given by (Buzdugan et al., 1979; Teodorescu, 1984;
Teodorescu, 1988; Teodorescu, 1997):

CZKI CZ
= - : (14)
2my(Ky +K,)  2my(h+1)
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B
my (K, +K,) 4m§(K1 +K, )2
K C?
W= i, (15)
my(h+1) 4m;(h+1)

while x,, and x,, are constants of integration.

In the hypothesis of subcritical damping for the second spring the
values of @ are real:

C; <4K,m,, C; <4K,m,(h+1),

K, G
my(h+1)~ 4mi(h+1)*

For the determination of equivalent damping constant one writes from
relation (14):

— C2 — Cech (16)
2m,(h+1) 2m,

because the mass of the dynamical system is m, .
Replacing / from (12) in (16) it results

_ Cl C2
“C+C,’
or also
i )
ech Cl CZ ,

relation analogous with the equivalent elastic constant of series assembly.
The pulsation @ can be written into the form

2

Kech _ Cech
2

m,  4m,

b



92 Eugen Corduneanu

where K, , is the equivalent elastic constant (Buzdugan et al., 1979):

K K
K =172
“ K +K, (18)

4. Conclusions

In conclusion, the dynamical study can be made replacing the series
assembly with an equivalent spring having the characteristics (elastic constant
and damping constant) given by relations (17) and (18).
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DETERMINAREA CONSTANTEI DE AMORTIZARE ECHIVALENTE PENTRU
UN ANSAMBLU DE ARCURI LEGATE IN SERIE

(Rezumat)

Se considera un sistem elastic compus din doua arcuri legate in serie cu o0 masa
atasatd in pozitie verticald. Ecuatia dinamicd a migcarii in regim de vibratii libere se
compara cu ecuatia dinamicd a sistemului echivalent cu un singur arc si se determina
constanta de amortizare echivalenta a montajului serie.



